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Abstract 

The free field representation for form factors in the sinh-Gordon model and the sine-Gordon model 
in the breather sector is modified to describe the form factors of descendant operators, which are 
obtained from the exponential ones, e'"*', by means of the action of the Heisenberg algebra associated 
to the field ip{x). As a check of the validity of the construction we count the numbers of operators 
defined by the form factors at each level in each chiral sector. Another check is related to the so 
called refiection relations, which identify in the breather sector the descendants of the exponential 
fields e'"-^ and e^(^^o-o')v ^j. 

generic values of a. We prove the operators defined by the obtained 
families of form factors to satisfy such refiection relations. A generalization of the construction for 
form factors to the kink sector is also proposed. 

1. Introduction 

Exact calculation of form factors of local and quasilocal operators in two-dimensional relativistic quantum 
field theory is known to be reduced to solving a set of difference equation for analytic functions [1-3] called 
also Karowski-Weisz-Smirnov form factor axioms. One of the techniques for solving these equations is 
the free field representation proposed by Lukyanov [4]. It was shown that this representation makes it 
possible to calculate form factors of the exponential fields e'"*^ in the sine/sinh- Gordon model [5]. But 
the family of exponential operators is far from exhausting the full set of operators in the theory, which 
contains also the descendant operators obtained from the exponential ones by means of the action of the 
Heisenberg algebra associated with the field (p{x). Here we propose a construction of the form factors of 
descendant operators in the breather sector of the sine-Gordon theory and for the sinh-Gordon theory. 

We start from the proposal of Babujian and Karowski [6,7], who expressed the form factors of 
descendant operators in terms of sequences of some auxiliary functions. These sequences must satisfy 
some conditions to provide form factors of local operators. The main distinction of our approach is that 
we impose much more restrictive conditions to these sequences of functions, which makes it possible to 
substantiate the existence of a one-to-one correspondence between operators and sequences of functions. 

Besides, we propose an interpretation of these solutions in terms of an auxiliary commutative algebra 
and show that at a generic value of a the dimensions of the level subspaces coincide with those for the 
Fock modules of the Heisenberg algebra. We go further and, by means of some auxiliary bosonization 
procedure, prove the existence of a reflection property, which relates breather form factors of descendants 
of the fields e'""^ and e'f^"" (with the value of uq known from the conformal field theory). Earlier it 
was conjectured that such relations, well known in the Liouville field theory [8], are valid for the operators 
in the sinh-Gordon theory [9,10]. One may expect that they are valid for the sine-Gordon theory in the 
sector corresponding to the perturbed minimal model [11,12]. Surely, this sector includes the breathers. 
Notice, that our approach has much in common with that of [13], though we concentrate our attention 
on the breather sector at generic values of the coupling constants and field parameters. 
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2. Operator contents of the sine/sinh- Gordon model 



Consider the sine-Gordon model 

5sgM = jd^x (^ir^ +^cos/3^ ) . (2.1) 



8n 



We shall also use the notation 

"°-:g~2- V2p(p+i) - 

The spectrum of the sine-Gordon model consists of a kink-antikink (or a soliton-antisoliton) pair of 
some mass M, which can be expressed in terms of to the parameter /x [14], and a series of breathers that 
is nonempty for 0^ <1. The masses of the breathers arc given by the formula 

m„ = 2Msin^, n=l,2, pn<l. (2.2) 

Besides, the higher breathers may be considered as bound states of the first breathers of the mass 
m = mi. It means that the form factors with respect to the states consisting any n-breathers can be 
expressed in terms of the form factors with respect to the states only containing the 1-breathers. That 
is why we restrict our consideration to this l-breather, which will be just called breather hereafter. 
We can also consider the sinh-Gordon model 

5shGM = j d\ (^^^ + Mch^<^) . (2.3) 

The spectrum of the model consists of the only kind of particles, which can be considered as an 'analytic 
continuation' of the l-breather in the following sense. The expressions for the form factors of every 
local operator with respect to these particle coincide with those with respect to the states consisting 
of the 1-breathers after the substitution /? — >• — i/J. Hence, the sinh-Gordon model corresponds to the 
region — 1 < p < 0. 

The S matrix of two breathers is 

Consider the operator contents of the models. Let us start with the exponential operators 

F(,)(x)=e-'^(-). (2.5) 
Below it will be more convenient to use another parameter 

a=— — . 2.6) 

2ao 

We shall always assume that the parameters a and a are related according to (2.6). Since we want to 
use both letters as subscripts, we shall always use a there in parentheses and a without them, e. g. 

V(„){x)=Va{x). 

The exponential operators do not exhaust the operator contents of the theory. We have to define the 
descendant operators. First of all, recall that at small enough distances the field theories (2.1) and (2.3) 
behave like a free boson theory. Take any point in the Euclidean plane, e. g. a; = 0, and consider the 
radial quantization picture around this point. Let 

z = — x'^ = +\x^ , z = x^ + x'^ = x^ — \x^ , d=-^, d = 

oz oz 

The radial quantization means that we consider radial coordinates a, r such that 

z = e"+'^ 
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and consider r as an imaginary time and cr as a space dimension. There is a one-to-one correspondence 
between states |0)rad in this picture and local operators 0{x) put to the point x = 0. This correspondence 
survives the perturbation for nearly all fields except some particular ('resonant') operators. 
The free field ip{x) can be expanded in this picture as 

ip{x) = Q - iP log zz + ^ ^z-" + J2 (2-7) 

The operators Q, P, a„, a„ form a Heisenberg algebra with the only nonzero commutation relations 

[P,Q] = -i, [am,a„] = m6m+n,o, [am, an] = m6m+n,o- (2.8) 
The states |a)i.ad defined as 

a„|Q;)rad = a„|a)rad = (n > 0), P|Q!)rad = Q!|Q!)rad, |Q!)rad = e'"^ |0)rad (2.9) 

correspond (up to a constant factor) to the operators V(a) (x) . The descendants form a Fock module of 
the algebra (2.8) with the highest vector |a)rad- We may choose the basis^ 

a_fc,...a_fe,a_,,...a_Ua)rad ^ n(fc» -^V-Wj ' ^V- ^''^ ' ' ' ^'^'^^''^ " " " ^^'^^'^ 

with < ki < . . . < kg, < li < . . . < It- The pair of integers (n, n), where n = ^ki, n = Y^ li, is called 
the level of the element. The integers n and n are called chiral and antichiral level correspondingly. 
The descendants only generated by the elements a_fc are usually called chiral descendants, while those 
only generated by the elements a i are called antichiral ones. Let F be the Fock submodule of chiral 
descendants. The submodule of antichiral descendants will be referred to as ^. Evidently, the submodules 
T and T are isomorphic. The Fock module spanned on all the vectors (2.10) is the tensor product 
(g) .F ~ (g) The module T admits a natural gradation into the subspaces Tn by the chiral level n: 

oo s 

T = ^Tn, Tn = span|a_fe^ . . .a_feja)ra,d s G Z>o,^A;i = n|. 

n=0 i=l 

The generating function of dimensions of these subspaces (the character) is given by 

oo oo 

xW = E9"dim7-„=nT3^- (2-11) 

n=0 fe=l ^ 

3. Form factors from free field representation 
3. 1 . Form factors of exponential operators 

First let us describe the form factors of exponential operators. Let |vac) be the vacuum and \6i, . . . , 9^) 
be the eigenstate of the Hamiltonian corresponding to N breathers with rapidities 9i < . . . < On- The 
form factors of the exponential can be written as 

(^fe+i, . . . , ^iv|K(0)|ei, . . . , 0fe> = Gafa{Oi, . . . , Ok+i +m,...,eN + m). (3.1) 

Here Ga is the vacuum expectation value, which is known exactly [15]: 

Ga = (K(0)) = m^'Ga 

_ / r(i±H)r(g^) X ( s^.{s^.\a^\)t _ (2a+l)^ A 

"T ) ^io t (,shtshfsh(H±ll* )■ 



^The states obtained by the action of Q"* (corresponding to the operators containing (p"^) can be obtained as the mth 
derivatives in a and thus are obtained trivially. 
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Using the free field representation [4] the analytic functions fa{Oi, . . . ,9^) are expressed in terms of trace 
functions of vertex operators [5]. Omitting the details let us write the answer in the form 

/a(^l,...,M = Wiv)---m)))a- (3-3) 

Here T{9) is a generator of the degenerate deformed Virasoro algebra [16] and ((. . .))^ is a trace function 
with the property 

{{XTie)))^^{{Ti9 + 2m)X))^ (VX). 
The generator T{9) can be written in the form 

T{9) = iX' (e"''^" A+ (9) + e"^"^ A_ (6*)) (3.4) 

with the constant factor 

/ '•"P dt t 
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^'"Usin^?] ^""PV ./n 27rsint 



-/ 

Jo 



The element a is central so that 

{{Fia)))^ = {{Fia)}} (VF). (3.5) 
The pair trace functions of the vertex operators A± are given by 

((A±(^2)A±(^i))) = i?(^i - 62), 

UK in\K 7D-1//1 ■ \ nin „ ^ sh(6'i - ^2) ± i sin 7rp 
((A±(e2)A^(^i))) = R \ei -62T itt) = R{6^ - 62) sh{9i-92) ' (3 6) 

dt sh^s h^sh ^^£±lli 

sh^TTt 



Hi 



R{e) = exp I 4 / — 2 2 — _ j^^^ j ^ 



while the general trace functions in the right hand side of (3.5) factorize into pair trace functions of the 
vertex operators h.e{(^)'- 

{{A,AON)...AeM)}= n ((Ae,((^,)A..(0.)»- (3-7) 

l<i<j<N 

More explicitly, the functions may be written as 

N 

fa{0i,-..,6N) = {iXT E ne"'""*-«^^-(M---A.,(^i))). (3.8) 

£1 ,...,£iv— i i=l 

3.2. Generalization to descendant operators 

The question is how to generalize the expression (3.8) to the descendant operators. Babujian and 
Karowski [6, 7] proposed the following generalization: 

JV 

/f (^1, . . . ,^jv) = (iV)^ E ^e....e„(e^S . . . ,e^-) IJe-"^"^^ • ((Ae,(^jv) . . . A,,(^i))). (3.9) 

ei,.")£jv=i i=l 

The paper [7] is based on some particular choice of the P functions for particular fields, so that the 
analyticity of the results in the parameter a is hidden there. We propose here a more systematic way 
to count and study descendants, so that the analytic properties were always apparent. Our strategy is 
the opposite: if Babujian and Karowski allow the P functions to be as arbitrary as possible, we, on the 
contrary, impose as many restrictions as possible aiming to establish a bijection between consequences 
of the P functions and operators, at least for generic values of p and a. Moreover, any exceptional cases 
will always be considered here as limits from the generic point. 

The functions P^^..^^ (xi, . . . ,xn) are supposed to be entire functions of the variables x\,.. . ,xn- 
The functions satisfy the form factor axioms subject to the following restrictions: 

P...,e'...(. ..,X,X',...) = P...e'e...{. . • , x', X, . . .), (3.10) 
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P-+ei...eN {-X, X,Xi,..., Xn) = Pei...SN {Xl,---, Xn)- (3.11) 

Though this condition is more restrictive than that of [7], it is yet too weak. In particular, such general 
form admits a solution of the form Y\c~^'^ ^""^^ , which is equivalent to the substitution a — > o, + 8a. 
It means that we have to impose some extra restrictions on the functions P. To formulate these new 
restrictions, let us reformulate the condition (3.10), (3.11). 

Due to the symmetry property (3.10) these functions can be uniquely expressed in terms of the 
functions 

PN,k{Xl , . • . , XN/2+k\yi,- ■ ■ , yjV/2-fe) = P- ...- + .. .+{X1,..., XN/2+k, Ul, ■ ■ ■ , VN/i-k)- (3-12) 

iV/2 + fc N/l-k 

Here k is an integer (a half integer) for even (odd) N . These function are symmetric with respect to the 
variables X = [x\,. . . , a;^/2+fc) and with respect to the variables Y = (t/i, . . . , yN/2-k) separately. We 
also shall write them as PN,k{X\Y). We shall use the notation like this everywhere, if the dimensions 
of the arrays are clear from the context. We shall also use the notation like X" = (x", . . . ,x^^2+k)' 
XX = {Xxi, . . . ,Xxn)- 

The kinematic pole condition takes the form 

PN+2.kiX,-x\x,Y) = PnMX\Y). (3.13) 

First, let us restrict the class of functions PN,k with the Laurent polynomials in the variables. Each 
such Laurent polynomial can be rewritten as a sum 

PMAX\Y)=Y,PN,k(^\Y)PN,k(^-'\Y-')^ (3-14) 

A 

where P^ ^.{X\Y), P^ f,{X\Y) are some homogeneous polynomials symmetric with respect to the vari- 
ables Xi and Uj separately. 

Let p{^i, . . . ,£,n\vij ■ ■ ■ ' Vn) be a polynomial of the degree n in the following sense. Set the degree 
of the variables and iji equal to i. The degree of each monomial in these variables is the sum of the 
degrees of each variable. Then define a family of the homogeneous polynomials P^\{X, Y) of the order 
n for any A'' and k as follows: 

P^]k{X\Y) = p{Si{X), Sn{X)\Si{Y), Sn{Y)), (3.15) 

where Sr{X) are power sums of the order r: 

Sr{X)=J2xl (3.16) 

i 

It is known that, due to the Newton-Girard identities [17], any symmetric polynomial can be written 
as a polynomial of power sums. Here it will be more convenient to use the power sums rather than the 
more usual elementary symmetric polynomials. 

Our second restriction is that each of the polynomials P^ i^, P^ k form (3.15) with an ap- 

propriate n and p. In other words, each of these polynomials can be expressed in terms of elementary 
symmetric polynomials in the same form independently of the values of N and k. In particular, for the 
constant solutions of (3.13) this condition means that the all fjv.fc coincide for every N and k, excluding 
the products that shift the value of a. 

Let Vn be the space of the order n polynomials p{£,i, . . . ,^„|77i, . . . ,r]„) such that the polynomials 
P^\ defined in (3.15) satisfy the equation (3.13) for any N and k. 

Theorem 1 The generating functions of the dimensions of the spaces Vn coincides with the character 
of the Fock module T: 



^q"dimP„ =x(«)- 



n=0 
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The Theorem 1 means that the dimension of the space Vn coincides with the dimension of the level 
n subspace J^n of the Fock module T: 

dimVn = dim J'n. 

Conjecture 1 There is a one-to-one correspondence between the level n subspace J^n of the Fock module 
T and the space Vn- Each element p ofPn defines a level n chiral Fock descendant of the operator Va{x) 
by its form factors according to (3.9), (3.12), (3.15). 

3.3. Proof of the Theorem 1 

There is a constructive way to get all solutions. Let A be the Abelian algebra generated by the elements 
c_i, c_2, Consider two currents: 



(3.17) 



a{z) = e^"=i 
6(^)=e-^~=i--(--r, 

such that 

a{z)b{-z) = 1. (3.18) 

Define the inner product in the algebra A: 

(oo oo \ oo 

m— 1 m=l / m=l 

For any element h ^ A define a function 

Pk,ki^\Y) = (aixi) . . . a{xN/2+k)b{yi) ■ ■ ■ 6(yjv/2-fc), h) . (3.19) 
If /i is a basic element of the order n, 

s 

h = c\... ct^ , mkm = n, (3.20) 

m=l 

the functions i^{X\Y) are a polynomials with the necessary properties. The integer n will be called the 
level of the element. The subspace spanned on level n elements will be denoted as An, dim^„ = dim Pn- 

The basic elements (3.20) are in a one-to-one correspondence with the Fock vectors, given by the 
map c-rn '-^ 0,-m to the corresponding generators of the Fock algebra: [afe,a;] = k5k+ifi- 

The basic polynomials (3.19) corresponding to the elements (3.20) can easily be written explicitly. 
Indeed, 

oo 

a{x,)...a{x^/,^,)h{y,)...b{y^,,_,) = [] e(^-r'= ^r-(-ir Efir^Dc-.. 

m=l 

Therefore, 

s 

{a{x^)...a{xNI2+k)b{yi)...h{yj,i2_k),h) = [] [ei^^'^^" ^T-i-^rY^^-' vT)c-r. ^^k_^^y 

m=l 

As a result we have 

m=l \ 1=1 i=l / 

= n {Sm{X) - {-irS^{Y)f- for h = ct\... ct%. (3.21) 

m=l 

This proves that the sets of polynomials can be written in the form (3.15). 

Besides, it proves linear independence of these sets of polynomials. Indeed, the functions Zm = 
— (— 1)*" X^i^i^"*^ yj" are functionally independent for large enough N. Hence, linear in- 
dependence of the sets of polynomials reduces to the evident linear independence of the monomials 

^1 . . . 4'a . 
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3.4- Algebraic representation of form factors 

The above construction makes it possible to describe form factors in purely algebraic terms. 

Consider two copies of the algebra A, which will be denoted as A and A, generated by the generators 
{c_„} and {c_„} correspondingly. Define a natural homomorphism A ^ A: for any h G A we define 
h e A according to the rule c_„ c_„. An element g = hh', h G An, h' G An will be referred to as a 
level {n,fi) element. Let 

T{0) = iX' (e-'"'^6(e^)o(e-^)A+(e) + e^"'^a(e^)6(e-^)A_(^)) . (3.22) 

Let g G A® A he an arbitrary element. Then 

f^ieu ...,e^) = {{{T{e^) . . . r(^i)))„, g) (3.23) 

be a form factor of an operator from the Fock space {J^^T)Va{x). We shall denote the fields corresponding 
to the form factors Gafi{Oi, ■ ■ ■ , 9n) as V£{x).'^ 

The expression (3.23) is the 'most algebraic' representation for the form factor. Let us write now the 
most explicit expression. First, define the functions 

PnA^IY") = iaixi)b{x^^) . . . a{xN/2+k)HxN)2+k)HyiMyi'^) ■ . ■ b{yN/2-k)a{y^)2_^),g) 

corresponding to an element g ^ A® A. They arc uniquely determined by the relations 

pkigi+k2g2^^X\Y) ^ kiPa^ {X\Y) + k2P^^ {X\Y), (3.24a) 

p9i9^^[X\Y) = ps^{X\Y)P'J^{X\Y) ykuk2GC, gi,g2GA(^A, (3.24b) 

P'-{X\Y) = Sn{X) - (-l)"5„(y), (3.24c) 

P^-''(X|F) = S_n{Y) - (-1)"5_„(X). (3.24d) 

The subscripts N and k are omitted here. From (3.9) and (3.6) we obtain 

N 



where 



with 



(^1, ...,9m) = [iXT n ^(^^ - ^^•) • Jkai^'' , • • • , e^-), (3.25) 

i<j 

J%^^{x,,...,xm)= E e^-(#^-#^+)p«(X_|X+) n /fe) (3.26) 



/++/_=/ ^e-r- 



/(.)= ^" + 1^"7"^ =l + ^^, c. = e-. (3.27) 

x-^ — I X — x~^ 

Here I = {!,..., N} and the sum is taken over all decompositions of / into two subsets /+ and /_ 
(7+ U /_ = 7, 7+ n /_ = 0). Besides, 

X± = {xi\i G I±}. 

The functions ^ are symmetric in the variables xi,. . . ,xn. As we show below these functions possess 
some pleasant properties, and they are what the rest of our story is about. 

The natural question is if two different elements gi and 52 produce form factors of different operators 
according to Eq. (3.23). We shall answer this question positively in the next subsection. 

3.5. Cluster property, holomorphic factorization and bijection property 

Let g = hh', where h, h' G A. Let us calculate the asymptotics 

f^{eu...,Oi,ei+i + A,...,eN + A) as a ^ +00. 

Take into account that f{xe^^) -)> 1, R{0 ± A) 1. Besides, 

P''{X,X'c-^\Y,Y'c-^) ^ P'\X\Y), P'''{X&'',X'\Yc^,Y') ^ P'''{X'\Y'). 



^We preserve the factor Ga here for the consistency of the notation only: Vj;{x) = Va{x). 
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Therefore 

P'''^'{Xe^,X'\Ye^,Y') ^ P''{Xe^\Ye^)P''' {X'\Y') 

and 

jf{Xe'',X')c^j':{Xc^)j':'{X'). 
Thus we immediately get the following cluster factorization property: 

ffiOi, ...,0i, 01+1 +A,...,eN+A)^ f!^i9i+i +A,...,9n+ A).faiOi, ...,9i)asA-^ +00. (3.28) 

Comparing with the result of [18] we conclude that the form factors fj^, h G An correspond to level n 
chiral descendants, while the form factors correspond to the level n antichiral ones. 

Nevertheless, we can say nothing definite about the operator corresponding to an arbitrary element 
of the form hh', h e An, h e An, except that it is a linear combination of descendents of levels {m,rfi) 
such that 0<TO<n, 0<m<n. 

The expression (3.23) defines a map $a from the algebra ^ ^ to the space of consequences of 
analytic functions of 0, 1, 2, . . . variables. Let Ba be the image of the map $a. We shall denote the image 
of the element g as fl without arguments. 

Theorem 2 The map '■ A® A ^ Ba is a bijection for generic values of the parameter a. 

Let gi = hih'i, 92 = ^2^2- Due to the cluster factorization property two consequences /^^ and /^^ 
can coincide only if /^^ = /^^ and fa^ = fa^. Therefore it is enough to prove the theorem for the 
elements of the subalgebras A®1 and 1® A separately. Consider e. g. the first subalgebra. 

First consider the map in the limit a — ioo. The second term in (3.22) only survives this limit. 
Hence 

e--^V^(xi, . . .,XN)i^_,^ = {a{x,) . . . a{xM), h) = P'^{X\). 

The linear independence of the polynomials P'' {X \ ) for the basic elements of the algebra A was proven 
at the end of the Subsection 3.3. 

Now we may apply the deformation argument. Since the map <i?a is a bijection at one point and 
it is defined in terms of rational functions of e"^°, it must be a bijection for nearly all values of the 
parameter a. This finishes the proof. 

On the physical level of strictness Theorem 2 has a 

Corollary 1 For generic values of a the expression (3.23) provides a one-to-one correspondence between 
the elements g e A® A and the descendant operators over the exponential field Va{x). This also provides a 
one-to-one correspondence between the elements of the subspace An ® 1 and the level n chiral descendants 
and that between the elements of the subspace 1 An and the level n antichiral descendants. 



3. 6. Odd generators and integrals of motion 

The sine/h-Gordon model possesses a set of commuting integrals of motion hn-i of spin s = 2n — 1 for 
any integer n: 

hn-l= / -^T2n[x)-\- / —T2n-2{X). 

Both integrals must be taken along the same space-like contour in the x plane. Some of the first currents 
are 

T2 = T+, Ti=:{T+f:, Tq = Tq = -9+, T_2 = r+, f.^ = : {T+f : , 

where T+(x), T'+(a;), 0+(a;) are proportional to components of the twisted energy-momentum tensor 
(see Eqs. (A. 10) and (A. 15) in the Appendix). 
Let 0{x) be any local operator. Then 

f dz' f df 

[l2n-l,0{x)] =X2n-lO{x) = -i —T2n{x')0{x) - i — f2n-2{x' )0 {x) . (3.29) 
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The integrations here arc taken over very small circles around the point x in the Eiiclidean plane. Hence, 
just the leading terms in the operator product expansions contribute to the integrals, which can be thus 
calculated within the conformal field theory. In particular. 



IiO(x) = -iC\0{x), X^O{x) = -2i C,tr,-zC+0{x), 

n>-l 

l.,0{x) = ijCt,0{x), I-sO{x) = 2i ^ £l„_3£+0(a;). 



n>-l 



The operators acting on the space of local operators are defined as \C^O)i-s_d = -^n |C)ia(i with 
being the standard generators of the Virasoro algebra associated with the current T^{x) (and similar 
for £+). 

The local integrals of motion are known to be diagonalized by the many-particle states in the form 



N 



hn-i\Oi, .■.,9n} = J|2n-i| e('"-i)'- 1^1, ... , 9n} (3.30) 

with some constants J2n-i- In particular, the first integrals of motion are just the components of the 
momentum: 

777 

/i=P„ 1-1= -P„ •^1=-^- (3.31) 
Hence, the form factors of the operator (3.29) are given by 

N 

(vac|J2n-iO|^i, ■.■,0n) = -J\2n-i[ Yl e^-^^-'^'' ■ (vac|0|ei, . . . , 0iv). (3.32) 

i=l 

Prom (3.24) we get 

JV 

(vac|K=— . ..,eN)=Y e^'""'^'' • (vacl^il^i, . . . , 6^), 

N 

(vaclK^— . ..,eN}=Y e-('"-'^'^ • (vaciy^l^i, . . . , ^;v). 



(3.33) 



Comparing it with Eq. (3.32), we obtain a correspondence 

Cl-2n ^ l2n-l, Cl_2n 2^1-2n. (3.34) 

J2n-1 •J2n-1 

4. Reflection relations: basics and examples 
4-1- General setup 

There is a conjecture based on the Liouville theory that the operators 14 = V{a) and V-a = V(2ao-a) 
coincide in the breather sector up to an a-dependent reflection factor [8]: 

(vac|14(a;)|6'i,...,^jv) = Ra{y&c\V-a{x)\6i, . . . ,6n), 

p+lY+'T{^)T (g^) r(l - 2g)r(l + 2^) (4.1) 



"~ '''^-[^[ p ) ) r(i + 2^)r(i-2^)- 



Since 

it means that 



Ga — RaG-a, 



/,((?!,..., ^at) =/_„(0i,...,0jv). (4.2) 
Later, in Subsection 4.3 we give a detailed proof of this relation. 
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It is natural to suppose that this corrcspondcincc; extends to the whole Fock modules for generic values 
of a. It means that for any descendant of the exponential field Va there is a unique descendant of the 
exponential field V-a such that the multibreather matrix elements of these two operators coincide. For 
particular values of a this correspondence may look broken, but it must be recoverable by an appropriate 
limiting procedure. Sometimes, it demands extending the Fock modules by the action of the operator Q. 
With our Conjecture 1 this correspondence means that the reflection relations map each element g G A® A 
on an element g' so that the form factors = /f'^ and establish an a-dependcmt family of bijections in 
the space A^A. Note that, due to the cluster property (3.28), this map, if exists, possesses a factorized 
form on the tensor product A0 A. 

Theorem 3 (Reflection property) For generic values of the parameter a there exists a linear auto- 
morphism ra ■ A ^ A, such that 



ff{9,,. ..,e^) = f__^w^~^i'^'\e,, ...,9^). (4.3) 

The automorphism ra admits a restriction to an automorphism of each of the subspaces An ■ 

We defer the proof of the theorem to the Section 6. In this section we describe some properties of 
this bijection and obtain an example of reflection relations by 'handicraft' methods. 

Besides, there is another relation for the form factors with different values of a, which is an evident 
consequence of the definition (3.22), (3.23): 

/f+i(^i, . ..,9^)^ {-fmOu. -.,0^) (4.4) 

for an arbitrary element h £ A(Si A. We shall make use of this relation below. 

Consider any basis in each An- {i = 1, . . . ,dim'P„). Let /j,!"'*] be the respective basis in A. 

There is a set of form factors 

f[n,i][n,j] (^^^ . . . , = /^ft'-'/.'-' (^^, . . . , ^^). 

The property (4.4) is given by 

f^:+f''''\6i, ...,eN) = (-)^/^'lt*^■''l(el, . . .,eN). (4.5) 

The reflection property can be formulated as follows. There exists an a dependent but N independent 
matrix ut^ = (C/i"''^'^)^™^'' such that 

/["•'H*^.'] [e^ ...,9m) C/["''^]C/ir'^'ViV"*''''' (^1, • • • , &n). (4.6) 

It is only necessary to prove the conjecture for the products of the elements c_2m, because the 
polynomials corresponding to the elements c_2m+i factor out from the expressions for form factors. 

Let us try to check this property on the level (2,0). The space 7^2 is two-dimensional. There are two 
basic elements of the algebra on the level 2, c"^^ and c_2- The corresponding basic polynomials are (I 
omit the superscript corresponding to the antichiral sector) 

p^^:l\x\Y) = (j2x, + Y,yi)\ 

The corresponding two-particle J functions are given by 

J^'^\xi,X2) = 4cos^ ira ■ {xi + X2f, (4.7a) 
J^'^^{xi,X2) = 2isin27ra (a;i + X2f' + 4i (sinTrp — sin27ro) X1X2. (4-7b) 

The matrix Ua looks in this bases unnaturally complicated. But the first term in (4.7b) coincides with 
(4.7a) up to a constant factor. If we subtracted it, the U matrix would be diagonal. Then define 

/^^)(^i,...,M = /f'k^i,---,M, (4.8a) 

/(2)(0i, ...,9n)= .^^ \. {f'i^^\e^, ...,9n)- iff-'\9^, ...,9^) tgTra) . (4.8b) 

Sill TVj) Sm ZinQi 
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For N = 2 we have 

A^aH^i^^^) = 4cos^ Tra (xi + 0:2)^, 

J2.a(.Xl,.X2) = 4:\XiX2. 

The corresponding form factors possess the property 

We may conjecture that for arbitrary A'' 

. . . , ^iv) = . . . , ^iv) = . . . , ^iv), (4.9a) 

fi^\eu ...,6^) = .■.,0n) = f^-liOu On). (4.9b) 

The equation (4.9a) is a direct consequence of (4.2). Eq. (4.9b) will be proven in Subsection 4.4. 
In the algebraic language we defined two elements 

h^y^ = ci„ (4.10) 

^(2) ^ c.,-icUtgna_ 
sin np — sin 27ra 

The refiection map on the level (2, 0) is thus given by 

r-a(/^i^'^^) = r„(4^)) = /.L^). (4.12) 

The denominator of (4.11) possesses two zeros (up to periodicity) at the points a = p/2 and a = 

— (1 +p)/2, which corresponds to a = Q:+/2 and a = a^/2. Note that these points correspond to two 
modules of one of the Virasoro algebras (corresponding to the current T~ defined in (A. 15a) below) 
degenerate at the level two. Prom (4.12) we have 

.c-2-ic^itgva „ . sinTrp — Sin27ra c_2+ic?.i tgTra , , 

sm wp + sm 2'jTa 

But the form factor in the right hand side is surely finite everywhere in a including the points a = 
p/2, —(1 +p)/2. Hence, for these particular values of a the form factor of a finite element vanishes: 

/:-'""-'*'""(^i, . . . ,^iv) = for a = p/2 or a = -{l+p)/2. 

(2) 

It breaks the bijection property at these points. The finite form factors correspond to the element ha 

which is undefined there. The corresponding functions Pa " are also undefined. Nevertheless, the form 
factors are well-defined as limits. We expect that for generic p this break of the bijection property takes 
place at the values 

1-k l-l , , ^ „ 

Oi = Toiki, OLki = 2 2~"~' K,t = l,2, 

which correspond to degeneration points of the Fock module as a representation of the Virasoro algebras 
generated by T~{x) and T'+(x). The bijection breaks starting from the level kl in the chiral sector for 
the minus sign and in the antichiral sector for the plus sign. 

The families of elements h^a'^^ and h^a^ are 'self-dual' in the sense of (4.12). More generally, if the 
matrices f/i"' admit analytic factorization, 

one can define 'self-dual' bases of in the spaces An, 
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The corresponding 'self-dual' form factors 

i'j' 

satisfy the equations 

...,6^) = i-rf^!i:''^i0„ ...,6n)= . . .,0n). 

4-2. Analytic properties of the functions 

In this section we set / = (1, . . . , N'), X = (xi, . . . , xat/), where the value of N' < N will be always clear 
from the context. Besides, we use the notation Jj = / \ {i}, Xi = X \ {x,}. 

First, let us prove that the function J^{x\, . . . , a; at) is regular on the hyperplanes Xi = Xj. The proof 
is straightforward. The contribution to the corresponding residue comes from the terms for which either 
i e I-, j e 1+ 01 i e /+, j e /_. Let i = N - 1, j = N. Then 

Res J^^{X,x,x')= y e''"'^*^—*^+^PS{X_,x\X+,x) 

x'=x ' ^ — ^ 

/++/--/ 

Xi 



X n/(i^)n/mn/ 

X a;(Res /(z) +Res f{llz)) = 0. 

2=1 2=1 

Second, let us find the residues in Xi at the points Xj = —Xj. Using the property f{—x) = f{x~^), 
we obtain 

R^es^ J^,„(X,x,x') = ixsiuTTp. / (l) - n / ( j)) J'N,aiX). (4.13) 

Introduce the functions 



Asinnp- |Il/(:;:')-n/(^)| J'N-2,a{^i)- (4-14) 



We shall also use the notation ^ 

= y K^^,{X). (4.15) 

i=l 

Consider the function ^ (X, x) as an analytic function of the variable x depending on the parameter 
X = (xi, . . . , xjv-i). We may separate the contribution of the poles at the points x = — x^: 

X) = j: ^'f:f^ + jk«(x, X) (4.16) 

The function J^^l\X, x) is regular everywhere except the points x = 0, oo. Since the sum over the 
residues here is of the order 0(x~^) as x ^ oo, the asymptotic behavior of as a function of x is 

governed by 

J^_„(X,x) - J^^}\X,x) = O(x-i) as X ^ 00. 
With the notation (4.15) we have 



12 



and 



J%M^ = - E ' iT'-i + JnIH^^ (4-18) 

i=l ^ 

o;) = J^^}%X, X) + D%^^{X). (4.19) 

It is evident that the behavior of the function Jf^ ^{X,x) in the vicinity of the singularity a; = is 
governed by J^^^{X,x): 

Jf,JX, x) - x) = 0{x) as a; ^ 0. 

It means the functions J^^^^ {X,x) and j'jy^^{X,x) as functions of x have the only singularities at the 
points a; = 0, X = 00 and their singular parts coincide with those of the functions Jff^{X,x) in the 
vicinity of both singularities. It is easy to see that the singularities are in fact poles. I{ g = hh! is a 
homogeneous element oi A® A oi the order (n, n), then 

j(^)hh' ^ Q^^„-| as a; ^ 00, (4.20a) 

JnIu^' = 0{x-^) as a; ^ 0. (4.20b) 

It means that are Laurent polynomials of x: 

4-/°)^^'(X,a=) = Y: C^n°:IT"{X)x^, - ^K.f (^) = D%Ux)Ss,o. (4.21) 

s— — n 

Note that the lowest and coefficient, _f^, and the highest one, C^^^ „, are fixed by the cluster 
property (3.28): 

c'kTniX) = 4'_i,„(X) . x-^j!^^,{x)l^^ , C^^l% = J^_i,„(X) . x^f^'jx) . (4.22) 

Since ^{X) is expressed in terms of the functions J%_2a would express all form factors 

recursively in A'' if we could express ,/^^^(X, .x) in terms of ai-^)- Up to now this problem is 

solved in very few cases. They will be described in the rest of this section. 

4-3. Recurrent relations and reflection property: exponential fields 

Consider the simplest case of exponential fields, g = 1 (we shall always omit the superscript g if it is 
equal to one). We have 

Jn^I (X, x) = consta;, JN^aiX, x) = constj; . 
To fix the constants we have to calculate JN,aiX, 0) and JN,a{X, oo). Since /(O) = /(oo) = 1, we obtain 

JN,a{X,0) = JN,a{X, oo) = 2cOS7ra- Jjv_i,o(X) 

and, hence, 

J^°°j(X, x) = /^liX, x)=2 cosTra • Jn-iA^)- (4.23) 
The fact that D^A-X) = provides a nontrivial identity 

iV-l 



E RN,aAX) = (4.24) 



It is characteristic for the exponential fields. 
We arrive to the 
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Theorem 4 The recurrent relations 

N-l 



JnAX,x) = 2cos7ra- J^_i,,(X) + ^ ^i^^N^^X) ^ ^^ 25) 

. ^ X ~T' Xi 
1=1 

where 

RnMX) = -isinTTp- \ \\f(:^]- \\f[-L\\ J^_2AXi), (4.26) 




with the initial conditions 

Jo,a = 1, Ji,a(a;) = 2cos7ra (4.27) 
define uniquely a set of homogeneous symmetric functions JN,a of N variables of partial power 0. 

Prom this relation we readily get 

-^JV,a(a;i, • • ■,Xn) = JN-a{x\,- ■ ■ ,Xn)- 

This proves (4.2). 

Note that the described recurrent relation is an explicit form of the relation found implicitly (in the 
form of a uniqueness theorem) by Koubek and Mussardo [19]. 

4-4- Recurrent relation and reflection property: level (2,0) descendants 

Let us prove the relations (4.9b) or, equivalently, the second equation of (4.12). We want to turn the 
relation (4.16) or (4.18) into a recursive relation. We know all the residues at the poles x = —Xi 
{i = 1, . . . , N — I) due to (4.14) and the leading coefficients in the asymptotics cj^^2> ^N^ao ^ 
due to (4.22). The only thing we need to find is the coefficient C^^'l = C^^^-^ of the subleading term. 
Hence, let us try to expand the expression for Jjy ^{X, x) in x up to the terms of the order a;^ as a; ^ oo. 

Consider first the clement c_2 and separate in the expression for J^^{xi, . . . ,xn-i,x) the terms 
containing x^ in the polynomials P'^-^ {X^\X+): 

r^-AX,x) = x''K^-l{X\x) + K^+i'-^iXlx), 

where 

K^Nll'iX\x) = e"^"'^'-^^+)P^(^-l^+) n / 

Note that k'^^1{X\x) = JnA^.x). 

It is evident that the functions K^jf are of the order 0(a;°) as a; — )■ oo. It means that we may 
completely ignore the function while considering the asymptotics of J'j^'^{X,x) with the accu- 

racy 0{x^). 

Since f{x) = 1 + x~^ ■ 2isin7rp + 0{x~'^), we have 



Kh,LiX\x) = Jn-iAX) ■ 2isin7ra + ^Lw_i,„(X) + O 



n2 



Here 



LnAX) = E e'-«(#^-#^+) e'- Y + E -0 n / ( 
/++/_=/ \ jei+ iei- J 

= J^^{X) cosTra — iL'^f AX) siuTra, 

L'.AX) = E e-(#--#^^) f E - E n / (^) 

i++i-=i Kiel- J isi- ^ 
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Finally, 

J^l{X,x) = x^JN-i,a{X) ■ 2isin7ra 

+ x{J^-\^^{X) cosTra - iL';v-i,a(^) sinTra) • 2isin7rp + 0{x°) (4.28) 
as a; ^ oo. Similarly, we have 

4-;^X,x) = x'K^j,^l{X\x) + 2xi^^tI'-(X|a;) + K'^j^f-\X\x) 
= x^ JN-i^a{X) ■ 2cos7ra 

+ 2x{{Jlf\ ^{X){2 cosTra — sin 7ra sin Trp) — \L'jq_i g^{X) cos 7ra sin 7rp) + 0(x°). (4.29) 

It is surely possible to study the asymptotics of the functions i']Vo> but we do not need it. Choose such 
a linear combination of (4.28) and (4.29) that the terms containing L'j^_i ai-^) cancel each other in it. 
It is 

JN aiX, x) - iJ^-;,{X, x) tgna = 2ix ^— J^li^X) + 0{x''). 

Dividing it by sin irp — sin 27ra we get 

4\ {X, x) = x^^r^-1, „(X) + O(a;0) as a; ^ oo. 
cos 7ra ' 

The value at x = is known from (4.22): 

Jn'u 0) = (^Va.o =2cos7ra- J;v_l,a(^)- 

Therefore 

J^°;-'' {X, x) = x^^r^-\JX) + 2 cosTra • j£,„(X). (4.30) 

Unlike the situation in the case of the primary fields, the function Dj^^ {X) is not fixed by the asymptotics 
and can be calculated directly from the definition (4.15) only. 

(2) 

As a result, the expression (4.18) for h ^ ha together with (4.14) and (4.30) becomes a recurrent 

/j(2) . , . ... , . ;j(2) ,j(2) 

relation for the functions Jjv°a (^)- This relation with the initial conditions Jq^ — Ji°a (•^) ~ ^ defines 

^(2) ^ ' 

"^Na uniquely. Again, the parameter a always enters the recurrent relations and initial conditions in 
the combination costto, which proves (4.12). Note that the first term of (4.30) is finite at a = ±1/2 since 
the zeros of the function J'}^_i ^ at these points cancel the poles arising from cosTra in the denominator. 
Hence, the resulting J fimctions arc well-defined at these points. 

In principle, it is possible to construct the recurrent relations at each level. Nevertheless, even in 
the case of level (2, 2) descendants they become enormous. They seem to give no chance to prove the 
reflection property in general. For this reason we develop another approach to prove the existence of 
the reflection relations in general, based on the expansions of the form factors of exponential operators. 
Technically, it uses a novel two-boson representation described below. Some applications of the recursion 
relations are collected in the Appendix. 



5. A free field representation for the functions J% ai-^) 

According to Eq. (3.25) each form factor is proportional to the functions ai-^) up to a factor uniform 

for all form factors with given number of particles. On the other hand, the expression (3.26) looks like 
a matrix element of a combination of vertex operators. In this section we define these vertex operators 
in terms of free fields. 

Consider the Heisenberg algebra generated by the elements (n e Z) with the commutation rela- 
tions: 

Mm. a] = 0. Mm. dn] = 0, Mm- C^n] = mA^5m+nfi- (5.1) 

Here 

= ^2k = i^" - '^"')' = -4 sin" Tikp, 
^+ _^ = -A^^_^ = w^fe-i - a;i-2fc = 2isin7r(2A: - l)p. 
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Add a central element a and define the vacuums 

d±|l)„ = 0, a|l)„ = o|l)„, „(l|rf^„ = 0, „(l|a = „(l|a, a(l|l)„ = 1 (n > 0). (5.3) 
Introduce the vertex operators 

A±(^)= :exp(^^.-|:. (5.4) 

These vertex operators satisfy the relations 

A±(z')A±(z)= :A±(z')A±(z):, (5.5a) 
A+(z')A_(z) = A_(z)A+(z') = /(J) :A+(z')A_(z):. (5.5b) 

The operators \+{z') and A_(^) commute everywhere except the points z' = ±z. Define a combination 

t{z) = e'^'^X^iz) + e-'^'^X+iz). (5.6) 
It looks much the same as (3.4). Then 

J]v,a(^) = (<(a;i)...i(xjv))a. (5.7) 

The whole construction looks similar to the standard free field representation [5], but there are several 
differences. The set of the oscillators here is countable rather than continuous and the form factor is 
proportional to a vacuum expectation rather than to a trace. Besides, it strips off the annoying factors 
R{6i — Oj). These are advantages. The price we pay for these simplifications is that the residue of the; 
kinematic pole of the vertex operators is already not a c- number but a new vertex operator (see (6.1) 
below). We shall see that this new vertex will play an important role in the proof of the reflection 
relations. 

Now introduce two homomorphisms of the algebra A into the Heisenberg algebra: 

Mc-n) = ^^7+^, 7r^(c-J = (n>0). (5.8) 



It is easy to check that 

[7r«(c_„), A±(z)] = (T)"+'^"A±(z), ^fi(c_„)|l)„ = 0, 

[7ri(c_„),A±(^)] = -(±)"+iz-"A±(z), a{l\nL{C-n) = 0. 

Besides, 



(5.9) 



r ^ ^ ^ M A ..JO' mG2Z + l, 

The maps -kr and ttl may be considered as a right and a left representation of the algebra A. Let 

a{h\^a{l\TTR{h), \h) a = L{h)\l) a- (5.11) 

From the equations (5.9) we easily get 

J%,a{X) = a{h\t{xx)...t{xN)\l)a, 4,„(X) = „(1 |t(a;i) . . . i(a;;v) |/i)a, h&A. (5.12) 
Define also functions 

J%^!a{X) = a{h\t{xi) . . . t{XN)\h')a. (5.13) 

For generic elements h and h' these functions do not coincide with the functions J^^{X), but they are 
related to them. Let us introduce two maps 

TTLRihh') = 7TL{h')TrR{h), 7TRL{hh') = 7TR{h)7TL{h'). (5.14) 
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These maps are bijections of A® A to the subalgebra of the Heisenberg algebra generated by the elements 
d- -d+,nj^ 0. Then 

4':(^)=4S°^"^^'''^w- (5-15) 

More explicitly, suppose that h = n|^=i ^' = 11^=1 f^l^ where hf^, are any linear combinations of 
the generators c_„. Then the relation is given by a Wick- type formula: 

min(fe,fe') k k' ; 

The set of form factors Go/a proportional to the function ^{X) corresponds to a field 

v;9(x) = y„"-"«°"«"^^^(x). (5.17) 

Conjecture 2 The operators V£ (x) with a homogeneous element g of the order (n, n) are descendants 
of the operator Va{x) of the definite level {n,n). 

Up to now, wc arc only able to substantiate this conjecture in the case of the level (2, 2) descendants. 
Due to the resonant pole on the level (2,2) at a = —/3/2 there exists an operator W(^q.^{x) at this level 
such that [10] 

^®Lo^(«)(^) = V'(3;3/2)(a;). 

a=-p/2 

Let 

Consider the operator Va ' (x) corresponding to the function J% ^i-^) with g = hh h_^. We check by 
a direct calculation for A'' < 4 that indeed 

TT sin^ 7rp sin 27rp / T'»i^''»-i 



ao a=-/3/2 

For general values of a the descendant operator C^2^^2^^°"^ must be, according to our conjecture, a 
linear combination 

CUC.Ue"'^ = Hi'^'^^V^^'^^ + jy(2.TA)yj2,M) + jy(l,l,2)ya,l,2) ^ ^(l,l,TA)ya,l,M) 

with some coefficients h'^'^\ Evidently, the only contribution to the expectation comes from the first 
term. The coefficient Ha = H^'"^^ should satisfy the equations [10] 



Ha = H-a, Ha = H. 



l-a 



{a - ai2){a - 0:21) ^ ^ 
(a + ai2)(a + 0:21) 



We have to choose a solution regular at the points a = ±ai2,±a2i. On the other hand, the vacuum 
expectation value of the operator associated to 14 is equal to 



sin Trp (sin np — sin 27ra) 



The product Ha fa" "(), properly normalized, coincides with the function W(— a/2) in [10], which 
means that Conjecture 2 is consistent with the known exact expectation values found there. 
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6. Proof of the reflection property 



Introduce a current 
It is easy to clieck that 



s{z)= :X.{z)X+{-z):. (6.1) 

s{z)tix) = t{x)s{z) = f (^^) :s{z)t{x): 



and 



(fix,) . . . tixK)s{y,) . . . s{yi.))a = f] fl / (|^) ![ / f^^) / (f^) (^(^i) • ■ • ))«• 



Therefore 



{t{xi) . . . t{xK)s{yi) . . . s{yL))a = {t{xi) ■ ■ ■ t{xK)s{yi) . . . s{yL))-a- (6-2) 

Our aim is to prove the reflection property for all descendant form factors from this identity. The plan is 
as follows. First, wo prove that products of the vertex operators t{xi ) and s{yj ) acting on the bra-vacuum 
a(l| span the whole right Fock module of the Hcisenbcrg algebra (5.1). Similarly, these products acting 
on the ket- vacuum |l)a span the whole left Fock module. Hence, the reflection map acts on the space 
of the matrix elements of the operator t{xi) . . . t{xN) with respect to the whole Fock modules. Next we 
impose the restriction to the states (5.11) and check that this restriction does not break the a — )• —a 
symmetry. This will prove the reflection property in the chiral sector. 

The idea to express the form factors of descendant operators in terms of some asymptotics of the 
form factors of primary operators belongs to Fateciv, Postnikov and Pugai [20]. They applied it to get 
the form factors of some descendants in the case oi Zn Ising models. This proof gives a flrm basis for 
this procedure in the case of sine/h-Gordon model and explains some heuristic tricks used in [20]. 

Consider the expansion 

oo 

aiimi'z) ■ ■ ■ Kik'^Hm'^) ■ ■ ■ sivr'z) = ^ • a{n; a, . . . , a; . . . , (6.3) 

n=0 

For shortness, we shall denote S = (^i, . . . ,^fe), H = {r]i, . . . ,rii). Evidently, 



a(0 
a(2 



H| = (2cos7ra)'=-a(l|, 

H| =„(l|(S-(S;H)dr+S+(S;H)rf+), 

H| = a(l|(S2-(S; R)d^ + S+(S; H)4 + Srr(S; R){d^f + S++(S; R){dtf + Sri+(S; B)d^dt) 



with some functions Y,f, . . The conjecture is that at each given level n for large enough values of k, 
I it is possible to choose a set (S^*^; H^'^), i — 1, . . . , dim(J^®^)„ so that the vectors a(n; S*^'^; H^'^l form 
a basis in the whole Fock module of the Heisenberg algebra (5.1). 

First, prove this conjecture for the limiting case a — ^ — ioo, where t{x) is proportional to X-{x). 
Consider the product 

A_(^r'^) ■ ■ • X-iCk'^MVi'z) . . . sirj^'z) 

^ n n / (I) n / (^) / (| ) ^ ^-«r'^) • • • A-fe-'*(,r'.) . . . ■ 

The normal product in the right hand side is equal to 

:X.i^^h)...X.i^^'z)sirj^'z)...s{rji'z): = :exp'^^"'^" 



where 

i=i j=i j=i 
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Consider the expansion 

oo 

: A_(^r'^) • • • X-iik'^HVi'^) ■ ■ ■ sivi'z) ■.=^z-- (_)(n; S; H|. 

n=0 

Then 

n s 

(_)(n;H;H| =„(l|^ ^ C„,...„, [](t- + r+ <) 

S=l »»1 »»s>0 1=1 

ni + ---+ns = n 

with some nonzero coefficients Cm_...n^- It means that all possible products of d^. enter the right hand 
side. 

For largo enough fc, I the functions Tj^, . . . , rj^ are functionally independent and they can be considered 
as independent variables. Besides, the monomials ■ ■ ■ t^I are linearly independent. Hence, for any set 
of the numbers A^^^yf^^ , s = 1, . . . , n, ni, . . . , > 0, ni H + rig = n, we have 

^ni'.V.ris "^ni • • • '^ns 7^ ^ 

5 ei,...,en 
ni,...,ns 

for some values of the variables rj^, . . . ,r^. Therefore, the vector generated by the numbers "^'^ 
is not orthogonal to some vector generated by products of r,^. It means that there is no vector in the 
dim(J^®^)„-dimensional space orthogonal to all vectors generated by products of for any values of 
S, H. It proves that the vectors of the form S; H| for some values S^'^ H^'^, i = 1,. . . , dim(J'®^)„ 

form a basis in the level n subspace of the Fock module. 

Since for generic values of a the vertex operators i(2;)/2cos7ra are continuous deformations of the 
operator \-{z), this proves that the vectors a(n; H;H| also span the level n subspace of the right Fock 
module for generic values of a. The proof for the left Fock module is just the same. 

Let a{n\ i\ = ain; S^'^ ; H^*) | , i = 1, . . . , dim(J^®^)„ be basic vectors in the level n subspace of the right 
Fock module. Let \n;j)a be basic vectors in the level n subspace of the left Fock module. Then we have 

a{n;i\t{xi) . ■ ■t{xN)\n\3)a = -a{n;i\t{xi) . . .t{xN)\n; j) -a- 

Now we have to select the vectors generated by nii{h), 7TL{h) for h G A. The vector {v\ has the form 
a(l|7rfl(/i) for some h if and only if 

H(C„ + (-irdtJ = 0, m>0. (6.4a) 

Similarly, the vector \v) has the form 7ri,(/i)|l)a if and only if 

{d- + {-ird+)\v) =0, m > 0. (6.4b) 

Let the vectors a(lKH(/ia,rt,/i) = aif^J''] = X^iWf(<*) ai^ii] form a basis in the (dim J'„)-dimensional 

subspace of the level n subspace of the Fock module defined by the conditions (6.4a). Similarly define 
the vectors Tt'L{h'a^n^^)\l)a = 1^; i^)a = J2j '^j{^)\^tj)a- It is easy to check from the commutation relations 
that 

{t{xi . . . t{xK)s{yi) . . . s(yL)(dI„ + (-l)'"dt„)i(x'i . . . t(x^,)s(2/i) • • • s(2/l'))a 

= {tixi . . . t{xK)s{yi) . . . s{yL){dZm + {-irdt^)t{x[ . . . t{x'ji,)s{y[) . . . s{yi,))-a- 

We have 

= a{f^^^\{dZm + {-irdtj\n - m;j)a 
= ^<(a) „(n;i|(dl„ + (-l)™dt„)|n - m; j% 

= ^<(a) -a{n;t\{dZm + (-l)'"dt„)|n - m; 
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Therefore, 

5]<(a) -a{n;i\{d-_rr. + i-iralj = 

i 

and there exists an element h-a,n,ti such that 

^vf{a) -a{n;i\ = -a{l\TTR(h-a,n,iJ.)- 
i 

Similarly, there exists an element h'_^ f^ ^, such that 

^t;J(a)|n; j)_a = 7ri,(/i'_„,n,^)|l)-a- 

3 

Besides, we have 

= X] "('^S i\t{xi) . . . t{xN)\n,j)a = ^ v^{a)Vj{a) -a{n; i\t{xi) . . . t{xN)\n,j)-a 

= {'KR{h-a,n,ii)t{xi) . . . t{xN)'KL{h'_ 

Comparing with eq. (4.3) we conclude that 
which proves the reflection property. 

Example: derivation of the second level reflection properties 

Now let us rcdcrivo the reflection properties (4.12) at the level (2, 0) using the construction described in 
this section. The advantage of this derivation is that it immediately proves the reflection relations for 

the level (0,2) and (2,2) cases. 

To get rid of excessive functions f{z) related to normal ordering, introduce the notation *(n;S;H|: 

*H;H|.nn/(|)n/(^)/(f) :(-h;hi (.5, 

Let us search for the bra- vector in the form 

a{X\ = Xi ■ :(2; a, 61 + X2 ■ :(2; ^; r?|. (6.6) 

Let p = e"^". Then we have 

:(o;Cl,6l = a(l|(p+p-^)^ 

:(0;?;r?| = a(l|(p + p-'), 

^1,61 = a{i\T^(iip' + mi + 6)' -{io- c.-^)a6)c;r 

?1 + ?2 ^ 

+ ((p-^ + i)(a + 6)' + ('^ - ^-')^i^2)dt) , 

:(1; ^; rj\ = „(1| ((p^ + {p + p-')v)d^ + {p-'C -{p + p-')v)dt) , 

:(2;Ci,6| = a(l|i(((p' + l)(ei +6)' - (w - +2p2 + 2))Ci?2)rf2" 

+ iip-' + mi + 6)' + (u; - CO-' - 2/9-2 - 2))eie2)4 

+ ((p' + mi + 6)' -{uj- + 2)){d-,f 

+ {{p-^ + mi + 6)' + (^ - - mdtf + 2U2didt) , 
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:(2; ^; r,\ = ^ ((p^^ + {p + p-'W)d^ + {p-'f + {p + p-'W)dt 

+ {pe +{p+ p-'w + 2p^77)(dr)' + {p-'e +{p+ p-'w - 2p-'^v){dTf 

-2r,{^{p-p-^) + r,{p + p-^))d^dt). 
From the definitions (6.3), (6.5) it is easy to derive that 

S; H| — = (5„(S) + (1 + (-1)™)5„(H)) • :(n - m; S; H|. (6.7) 

Hence, the condition (6.4a) for the vector a{X\ is equivalent to the system of homogeneous linear equa- 
tions 

{p+p-'m+&) e+2v' \^^. 

(p' + i)(^i+6)'-(^-c^-^)66 m + ip + p-')v) \ [v)=o. 

,{p-^ + mi + 6)' + a;-i)66 ^{P-'^ -{P + P-')V)J ^ 
The consistency condition to this system reduces to 

(Ci+6)' (co-LO-y ^ co-co-^ 



66 iP + p-'r' V iP + p-'r' 

while its solution is 



X2 , -1x66 

Substituting this to (6.6) wc get 



= a(l|(— i)(sin7rp + sin27ra)((i2 — rfj — i tg 7ra (d^ — df)'^) 
+ a(l|(2cos27ra- l)(rfj" -df)2. 

The first term is proportional to the (sin^ 7rp— sin^ 27ra) • o(l|7rfl;(ft,i^''), while the second is proportional to 
(2 cos27ra — 1) • a(l|7rij(/ii^'^^). Due to the evident a — >■ —a invariance of h'^'^\^ it proves the invariance 

Remark. Such kind of derivation can be essentially simplified by use of the 'even' projectors: 

^^^=^^^H )'■' (6.8) 

P|fe = P2k, [P2k, P21] = 0, P2k{dZ2k + dUk) = id2k + dtk)P2k = 0. 

These projectors are a — > —a invariant, i. e. insertion of such projectors into any (but the same) places at 
both sides of (6.2) docs not break the identity. The vector a{n; S; HIP2-P4 • • • automatically satisfies the 
equation (6.4a) with even values of m. This reduces the number of equations to be solved. Unfortunately, 
'odd' projectors cannot be made two-sided nor a —a invariant. 

7. The kink sector 

Now let us propose a conjecture about the kink sector. 

Let V{6) and ^^(7) be the vertex operators defined as [5] 

{{v(e2)v{9,))) = G{e, - 62), 
{{v{e2)v{ei))) = {{v{e2)v{e^))) = w{e^ - 62) = G-\ei -02- iTT/2)G-\9i -62 + m/2), (7.1) 

{{V{02)V{0i))) = Gi9i - 02) = W-\0i -02- in/2)W-\0i -02 + m/2) 

with 

'■^ dt sh f sh ch(7r - \0)t\ 



G{e) = exp 



t shVtsh^ 



^In the notation used in this section a{l|7i"i?('ii^'^'') = a(2; li^^^ii ^^^\ 
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= i sh-exp / ^ ^ \ -. 7.2 

Here is the Euler constant. Formally the integrals diverge at zero, and to make them convergent we 
define them as follows: 



/■OO /"OO I 

/ dt f{t) = dt f{t) - - Res tfit) + log e • Res f{t) 

Jo Je ^ 



e->0 



if f{t) possesses a double pole at zero. 
Let 



V{e) = Vi0)c^'^, (7.3) 



As usual the contour C{9) goes along the real axis with a fold: it goes above ^ + i7r/2 and below 6 — i-K/2. 
Then let 

z+{e) = \v{e), 
z_{e) = i\xv{e)s{e). 



Here 



, , e-*shf shiMi' 
A = exp ' - ' ^ ^ 



2shVtsh^ 



2 



TTP* r(l-i) V "'0 * shTTtsh 



(7.5) 



p 

The form factors of primary operators are given by 

Gafa{6l,...,eN)e,...e:,=GaiZ{eN)...Z{e^)))^. (7.6) 

Now we define a generalization of these form factors. 
Let ei,...,ejv = ±- Let us define the numbers 

{Sjl^l = I £i = -}, Si < S2 < ••• < sm, (7.7) 

Let 

\V{ei)V{-ij), ei = -, i = Sj. 
Let us search the form factors in the form 

M 

(7.9) 



f^io.,. . . , ^.)....... = (i,)-- n J $ . J,-./. ((^- • • • 

xQiv,M(e^\...,e^"|e^%...,eT"). 

For Qn,m = 1 this is just the explicit form of (7.6). 

The functions Qn,m{xi, ■ ■ ■ ,xi^\zi. . . . . zm) are rational subject to three conditions: 
1. They are symmetric with respect to {xi}^^^ and {zj}j^i separately: 

Qjv,M(aX|Z) = Qn,m{X\tZ) = Qn,m{X\Z) (7.10) 

for any permutations a G Sn and r G Sm- 
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2. They satisfy the chain equation 

Qjv+2,M+i(^, X, -x\Z, ix) = Qn,m{X\Z)- (7-11) 

3. They admit factorization property 

A 

with the polynomials Q^ m- Qn.m being of the form P^^\_^ ^^_j^jy^{X\Z) from (3.15). 



We do not impose any restriction on the growth of Qn,m as jj — ^ ±oo. Since G{6) ~ e""^'*' as 
9 — )• ±oo, if Q is a polynomial in Zi, z^^ the integrations in (7.9) are convergent for small enough values 
of the parameter p. The conjecture is that the integrals can be defined by an analytic continuation in p. 
The breather functions P are related to the kink functions Q as 

P{X_\X+) = Q2N,N{-iuj^^^X,iuj-'^/^X\oj-^/'^X_,oj^/'^X+), X = X_UX+. (7.12) 

First let the functions Qn,m be polynomials. We conjecture! that physically it is equivalent to 
restriction to the right (£-fc) chirality. Let Q„ be the space of the homogeneous polynomials of the 
order n subject to the conditions 1-3. 

Theorem 5 The dimensions of the spaces Qn are given by the same generating function x{q)- 
The proof is quite similar and uses the same commutative algebra. Let 

if„ = 2ii-"sin^. (7.13) 

Let us slightly change the basic elements of the algebra A: 

C-m = K-'c-m- (7.14) 



Let 
Then 



A{z) = e^^-^^-^"", D{z) = e2 5::^^i(-i)"'-^c— (7.15) 



Define the functions 



A{x)A{-x)D{ix) = 1, (7.16) 

A{-\io^/\)A{hj-^'^x)D{uj''\) = [''^-']' ^ = (7.17) 

\h{x), e = +l. 

Q%^m{X, Z) = (A(xi) . . . A{xn)D{zi) . . . D{zm), h). (7.18) 

These functions solve the equation (7.11). The property (7.17) provides the relation (7.12). The proof of 
linear independence of the solutions corresponding to the elements of the form (3.20) is similar to that 
for the functions P^^ i.{X\Y). The explicit form of these solutions is 

[s/2] [s/2i 

Q%^m{X,Z) = -T^ n ^st-Tl^ W n (^2m(^) + 2{-ir-^S2ra{Z)f'-, (7.19) 



where 



m=l TO=1 



\a/i] ys/2\ 

Kh=^ KtC-l n • (7-20) 

m=l m=l 



For the 'antichiral' algebra A we similarly define 

^(^)=e^--^-^'", ^(^)=e2i:~=i(-i)'"-''5_w^'"_ (721) 
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Now wc can write down the fully algebraic representation in the kink sector. In similar notation as 
(3.23) define the bare vertex and the screening operator 

V(^) = A(e^)i(e-^)y(%^^ (7.22) 

a+i/2 



(7.24) 



Let 

z+{e) = xv{e), 
z_{e) = i\\v{e)S{e). 

Let g G A® A. Then the kink form factors of the operator {x) read 

Gameu...,eN)e,...,,=Ga{{{Z,,{eN)...2,M))^,g). (7.25) 
The field is still defined by (5.17). 



8. Conclusion 



The results of the present work extend the applicability of the free field representation to descendant 
operators. The algebraic receipt presented here seems to admit rather straightforward generalization to 
other theories. The auxiliary free field representation is likely to be more specific, but it is clear that it also 
can be generalized to, for example, affine Toda theories. Hopefully, the proof of the existence of reflection 
relations can be also generalized to this case. Another way to develop the results presented here is to 
study truncations of the spaces of operators at rational values of p. Though there are many important 
results on counting descendant operators in the restricted sine-Gordon theory (see e. g. [13,21,22]), it is 
important to clarify the restriction procedure from the point of view of the free field approach. 

The most important and ambitious problem that probably can be addressed with the help of these 
results is to find a way to identify the form factors at each level with the particular descendant operators 
obtained from the exponential ones by means of the Heisenberg algebra (2.7), (2.8) or of the Virasoro 
algebra. 
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Appendix. Equation of Motion and Energy-Momentum Conservation 
A.l. Equation of Motion 

Our aim is to prove that the form factors are consistent with the equation of motion 

ddcp = TT IJ./3 sin fiip. (A.l) 

Though this fact has already been proven in [7], it is instructive to rederive it from the recursion rela- 
tion (4.25). 

The derivatives of a field produce multiplication of its form factors by the components of the momen- 
tum according to the usual rule ^ id^. These components are given by 

p.iei, . . . , ^;v) = Ee^* = ~s,{x) = -^p-n^-l^+), 

j=i 

p,{ei, ...,eN) = f Ee-^^ = ^s_,{x) = ^p^-(x_|x+). 

i=l 
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Since ip{x) = -i de'°"^ / da\^^Q and c/(e'"*')/da|^^o = 0, we have 

N \ / N 



vi=l 



a=-l/2 



Due to the reflection property (4.2) these form factors vanish for even values of N. On the other hand, 
since [15] 

(A.2) 



8 sin wp 



we have 

7r/i/3(0|sin/3^|6li,..., 



2sin'7rp 4i 

fo, 



TT m /j3(p + 1) 



(/p-l/2(^l> • • • > ^'at) — /-p-l/2(^'l) • • • I ^Jv)) 

iv e 2Z, 



The last equality follows from (4.2), (4.4). 
Let 

a=-l/2 

Then the equation of motion can be rewritten as 



a=-l/2 



Si{X)S-i{X)J'^{X) 



smTrp 



Jn,p-i/2{X) for odd TV. 



(A.3) 



(A.4) 



Let us prove this identity by induction. For the function in the right hand side the recursion relation 
(4.25) takes the form 



JV-l 



Jn,p-1/2{X,x) = 2sm'Kp Jn-1,p-\/2{X) + ^ RN,p-l/2,i{X). 



(A.5) 



For the derivative in the left hand side we have 

J[{x) = 2Tr, 



N-l 



X ~\~ Xi 



(AT = 3,5,...). 



(A.6) 



Rewrite the last line as 



^-1 i"-^ X R' iX) 

S^{X,x)S-^{X,x)J[{X,x) = V XiS.^{Xi)R'j,^i{X) + V S^{Xi)S.^{Xi)^^^^^. (A.7) 



N-l 



i=l 



X ~\~ Xi 



Here we used the identity (4.24). 

Now wc want to use induction. The equation (A.4) is evidently valid for A = 1. Now suppose that 
it is valid for some odd value of N, which will be denoted from now on as M — 2. Let us prove it for 
N = M. By the hypothesis of the induction we have 



S,{Xi)S.,iXi)R'M,i{X) 



smTrp 



RM,p-l/2,i{X). 



Hence, the first term in the right hand side of Eq. (A.7) is equal to 



M-l 



M-1 



'■ — _ ,iy .RM,p-i/2,i{x) — — : — 

smTTp ^ Si{Xi) smnp ^ 



■R 



M,p-1 



smTrp 



TTP fT{ -Sl{X)+X.. 

{2sin-KpJM-\,p-i/2{.X) - Jm,p-i/2{X,-Si{X)), 
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while the second term is, according to the recurrent relation, equal to 

_ M-l ^ ^ 

— ;^RM,p-i/2,i{X) = {Jm,p-i/2{X,x) - 2smirp Jm-i,p-i/2{X)). 

Collecting both terms yields 



S^{X,x)S-^{X,x)J't,{X,x) = -^(Jm,p_i/2(X,x) - Jm,p-i/2{X,-S^{X))). 

The function Jm,p-i/2{X,—S\{X)) is a;-independent. Since we can take for x any element of the set 
{x\, . . . , Xm}-, this function must be constant in all variables x\,. . . , Xm-i- From the recurrent equation 
we have 

M-l 

const = Jm,p-i/2{X,-Si{X)) = 2smnp Jm-i,p-i/2{X) + ^ — V-i?M,p-i/2,j(^)- 

j=i m{Xi) 

Since the left hand side is a constant, wc may calculate it in the limit Xm-i — oo. In this limit the only 
nonvanishing term in the sum is that with i = M — 1. We have 

Jm,p-i/2{X,-Si{X)) = (2sin7rp)2jM-2,p-i/2(^M-i) 

/'M-2 , X M-2 



1 sm 7rp 



n/ 



n/ 



XM-\ 



Jm-2,p-1/2{Xm-i) 



Si{Xm-i) 

Since /(x) = 1 + ^' ^™ as x oo, the second term cancels the first one and we obtain 

Jm,p-i/2{X,-Si{X)) = 0. 
This proves (A. 4) iov N = M and, hence, for any odd N. 



XM-l—^OO 



(A.8) 



A. 2. Energy-Momentum Conservation Law 

The energy-momentum conservation law looks like 



Here 



T{z,z) 
f{z,z) 



dT = de, 

df = Be. 



-2nT^-^{z,z) 
-2nT^'^'^{z,z) 

Mink/ 



Q{zrz) = 2T:TT\z,-z) 



TT/X 



1+P 



'-{d^p{z,z)f, 

cos l3(p{z, z). 



(A.9) 

(A. 10a) 
(A. 10b) 
(A.lOc) 



The denominator 1 + p in the second line is the well-known quantum correction to the potential part of 
the energy-momentum tensor in the sine-Gordon model. 

The component Q{x) is a combination of exponential fields, but the component T{x) is a descendant 

and has to be identified. The last must be a linear combination of the operators V^'^^j^ix) and V_'^^i^{x). 
Let us prove that 



nx) = '^^^^^^ v!:^\x) 



-1/2 



a-)--l/2 



(A.11) 
(A.12) 
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^(2) 

The J functions corresponding toVa" {x) are given by 



1 



sinTrp 



7r(a + 1/2) 



Jjv,a(^) as a ^ -1/2. 



The second term turns out to be finite in this hmit since JN,a{x) for N > and Si{X) = for 
N = 0. Hence, 



a^— 1/2 SlUTrp 



If (A. 11) is true, due to (A. 10c) and (A. 2) the first of the equations (A. 9) takes the form 



-1/2 - 2^1^?^ (■^^■;-i/2+p(^) + ^;;ii/2-p(^)) • 



(A.13) 



(A.14) 



Wc want to prove this identity. First, notice that both the left and the right hand side of (A.14) are 
zero for odd N. Indeed, this is an immediate consequence of the reflection property together with the 
periodicity (4.4). Hence, we have to prove the identity for even N: 



-J 



„^_i/2 sin^TTp^^'-V^+f 



N e 2Z. 



This identity is evidently true for A'^ = 0. Suppose that it is true for < M — 2 for some value M. 
According to the recurrent relation (4.18) for /li^^ with from (4.30) we have 



M-l _i 



+ —{x-' + S.^{X))S^{X)J'^_,{X). 
Applying the induction hypothesis to R'm-2 i equation (A. 4) to Jm_i we obtain 



M-l 



a->— 1/2 



■^M.a i-^' x) 



sm np 
1 S,{X)-x. 

=1 



_ y-v ^ ^-^M,p-l/2,i(^) 



S-iiX)-x-, 



X-' + xT' 

\ 2ix x-'+S.^{X) 

7[^M,p-l/2,i\^j + . ^ JT7\ 'JM-l,p-l/2\^j- 



siuTrp S-i{X) 



On the other hand, from the recurrent relation (4.25) and the identity (4.24) we get 



M-l ^-1 dC_i 



•^M,p-l/2(^.^) = -E 



^M,p-l/2,i("''^) 

x-1 + a;7^ 



+ 2sin7rp {x + Si{X))Jm-i,p-i/2{X). 



Combining the last two equations we obtain 



Ma ^) ^.^2 ^p-^M"p-l/2(^. ^ 



sin^ np 



M-l 



.1 Si{X)-Xi 



Y-Rm,p-i 



^ 5_i(X)-a;, 
f 2sin7rp (5I^(X) - Si{X)) Jm-i,p-i/2{X) 

\{szl{x)-Sr{x)) ' 



/2,i(^) 



sin^ irp 



E 



-1 RM,p-l/2,i{X) 

-S.,{X) + xr' 



2 sin 7rp J, 



M-l,p-l 



/2(^) 



i(5i(X)-5l^(X)) 



sin^ irp 



Jm,p-i/2{X, -S_l{X)) = 0. 
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The last equality is derived in the same way as (A. 8). This proves (A. 14) and, therefore, (A. 11). The 
proof of (A. 12) is just the same. 

We ought to make one more remark on the energy-momentum conservation law. Let us introduce 
two modified energy-momentum tensors corresponding to the currents 

T±(z,z) = -i(9<^(z,z))2 iiaoaVG^O, (A.15a) 

f^{z, z) = -]^{dip{z, z)f ± iaoaV(a:), (A.15b) 

@^{z,z) = ^^e^'^'^^'^^\ (A.15c) 

Due to the equation of motion they also satisfy the conservation laws 



(A.16) 



These modified energy-momentum tensors are relevant to two kinds of quantum reduction in the sine- 
Gordon model. In the conformal limit the components T='=, generate the Virasoro algebras with the 

central charge c = 1 — &/p{p + 1) < 1. 
Now, it is easy to check that 



= \v}^%2{x)sm7rp+-V_-;^{x)j = \Vl-,]^{x) + -V f/jW 

= ^ (^Vl;;2(x)sm7rp+ = ^^-lU^)- 

T-ix) = ^ {v%ix)sin.p-Lv:_%ix)) = '^Vl-^x), 
T-{x) = ^ {V%ix)su..p-Lv:!^;,ix)^ = ^ (y- (.) - f ^^^,(.) 



(A.17) 



(A.18) 



where 



y(2) _yh^^^ 



"-1/2 — "a 



(2) 
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